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Abstract 



o 

> 
O 

. We present a mathematically rigorous quantum-mechanical treatment of a 

t^J" | one-dimensional nonrelativistic quantum dual theories (with oscillator and 

Coulomb like potentials) and compare their spectra and the sets of eigenfunctions. 
We construct all 

self-adjoint Schrodinger operators for these theories and represent rigorous 
solutions of the corresponding spectral problems. Solving the first part of 
the problem, we use a method of specifying s.a. extensions by (asymptotic) 
s.a. boundary conditions. Solving spectral problems, we follow the Krein's 
q-( method of guiding functionals. We show, that there is one to one 

correspondence between the spectral points of dual theories in the planes 
energy-coupling constants not only for discrete, but also for continuous spectra. 

> 
On 

J£j : 1 Introduction 
in 

It is well known pQ, that if one introduces in a radial part of the D dimensional oscillator 
(D>2) 

d 2 R D-ldR L(L + D-2) 2/// /iw 2 w 2 



iu^—Wa- u* R+ f\ E -— R = ° (11> 

(here R is the radial part of the wave function for the D dimensional oscillator (D > 2) and 
L = 0, 1, 2, ... are the eigenvalues of the global angular momentum ) r = u 2 then equation 



(11.11) transforms into 



<PR + ^li_R_n' + d-2) R+ 2, (g+ a- 



dr 2 r dr r 2 H 2 \ r 

2 

where d = D/2 + 1, I — L/2, £ = — a = E/4, which formally is identical to the radial 
equation for <i-dimensional hydrogen atom. 

Equations (11.11) and (11.21) are dual to each other and the duality transformation is r = u 2 
For discreet spectrum of these equations it was proved, that to each state of equation (11.11) 
corresponds a state in (ll.2p . and visa versa [21 E]. However the correspondence of the states 
in general (for discrete, as well as continuous spectra and for all values of the parameters of 
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the theory) the problems was not considered. In this article we will consider the problem 
for the one-dimensional case, in which the Schrodinger equation for the oscillator is 

d 2 ^ (In , 2 \ , aW , . 

+ l^Eo-Xu 2 * = 0, A = ^— (1.3) 



(it/. 2 \ ft 2 / h 2 

which under duality transformation x = u\u\ and setting 

$ = x" 1/4 $ (1.4) 

transforms into 

d 2 <$> (2/j _ g 



dx 2 \h 2 ° \x\ 16x 2 / ' ^ ^ 

where i?c* and g are some functions of parameters Eo and A. 

Eq.f ll.5p includes a Coulomb-like potential and describes the so called ID anyon. Unlike 
the Eq.f ll.3p . which is defined for all values of the variable, eq.f ll.5p is defined on the axis 
with punctured zero point. Taking into account, that duality transformation x = u\u\ is 
also singular at the origin, we will consider the oscillator problem also with punctured zero 
point. 

We will solve the quantum problem of these two equation and will show a complete 
correspondence of the states for all values of the parameters Eo, A, Ec, and g. In section 2 
we will consider the quantum problem for the oscillator, will find solutions of the equation 
for all values of the variable and parameters. In Section 3 we will consider the quantum 
problem for Coulomb-like system. The results will be compared in section 4, where we will 
show the one-to one correspondense of the spectra and proper functions of the Hamiltonians 
of both problems. 

2 Quantum one-dimentional oscillator 

We consider an equation 

d 2 Jj{u) + (W - \u 2 )4){u) = 0, (2.1) 
where h 2 W/2p is complex energy, h 2 X/2p is a coupling constant, 

W = \W\e ilpw , +0 < ip w < 7T - 0, Im W > 0, 

It is convenient to write A = x 4 , where 



A 1/4 , x 2 = A 1 / 2 , A > 

e — /4i A ii/4 x 2 = e -W2i A ii/2 A<0 



2.1 Solutions on the semiaxis u > 

To find the solutions on n the semiaxis u > 0, we will introduce a new variable p = (xw) 2 , 
d u = 2xyfpd p , d 2 = 4:[pd 2 + (l/2)d p ], and new function <j>(p) = e p l 2r ^{u). Then we obtain 



pd 2 p <P(p) + (1/2 - p)d p <P(p) - (1/4 - w)(j){p) = 0,w = w o = W/Ax 2 . (2.2) 
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Eq. ( 12. 2 p is the equation for confluent hypergeometric functions with solutions 7; p), 
ty(a, 7;p), in the terms of which we can express solutions of eq. (12. ip . We will use the 
following solutions: 



+1 (u; W) = -^pe-P^(a + 1/2, 3/2; p), 

+2 (u-W) = e-^(a,l/2 ]P ), 

+3 (u; W) = n^ 2 T(a + l/2)e^ 2 ^(a, 1/2; p) = 

= +2 (u; W) - 2XV ^,\ 1,2) +I {u; W), a + 1/2 ^ -n, n £ Z + , 
r(a) 

« = «o = 1/4 — w. 

In this section, we will omit the subscript "O" meaning, for example, a = ao, w = two, 
and so on. 

2.1.1 Asymptotics 

For -u — )■ we get 

+ i(u; wo = u + °( m3 )> °+2(«; WO = 1 + 0(u 2 ), 

+3 (u; W) = \- 2xr ( a + 1 /2) M + 0(u2) a + 1/2 _^ _^ n e z+ _ 

r(a) 

The asymptotics for m — » 00 and different values of the parameters we get 
A > 0, Imw > or w = 



^^^- 2xr(: + i/2) ^ /4 " WeP/2 ( 1 + Q ^ 2 ^ 



r(«) 

+:J (//:TD = r(a+ A - 1/2) p- 1/4+w e-^(l + 0( M - 2 )), 

'7T 



A < 0, Im W 7 > or W 7 = 

WO = O^-V^^), +2 ( M ; WO = o^-Va+imWVVW), 
+3 ( M ;^) = 0( M - 1 / 2 - Im ^ 2 v^). 

The asymptotics for A = can be obtained as a limit A — >■ of corresponding formualae 
or from explicit expressions for solutions as A = 0, 

{O +1 (u;W) x=0 = M $(-W74x 2 ,3/2;xV) = -^=sm(VWu), 



{0 +2 (u; W) x=0 = §(-W/Ak\ 1/2; xV) = cos(VW^) 
{ O +3 (n;iy)^ = cos(^)- 2xr(a + 1/2) 



r a) 



1 sin(v / W 7 u) = e iVWu 



W 
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(where we used a relation 2xT(a + l/2)/r(a)| = \f—W = —iy/W), which are in agree- 
ment with direct solution of eq. (12. ip for A = 0. 

Note, that all solutions of eq. (12 .ip are square-integrable at the origin and only solution, 
+ s(u;W), is square-integrable at infinity for ImVT > 0, i. e., + 3(u;W) G L 2 (M + ) for 
ImW > 0. 

The functions O+i and 0+2 are entire functions of W ( for fixed rest parameters and u). 
They are real for real W and nonnegative A. If A is negative, then x 2 is pure imaginary and 
changes sign under complex conjugation. But the functions + \ and +2 are even functions 
of x 2 , that follows from the relation 9.212.1 of [4] 



e- e/2 $(a , 1/2; z) = e"" 2lt2/2 $(l/4 - W/4x 2 , 1/2; x ; 



2 u 2 ) 



e p/2$(l/ 2 _ a , 1/2; -p) = e" 2u2/2 $(l/4 + W/Ah 2 , 1/2; -x 



V), 



e -p/2$( a + 1/2) 3/2; p) = e ^ 2u2/2 $(3/4 - W/Ah 2 , 3/2; x 



2 u 2 ) 



= e p/2 $(3/2 -a- 1/2, 3/2; -p) = e x u /2 $(3/4 + W/4x 2 , 3/2; -x L u # 

Thus, we find that the functions + \ and + 2 are real-entire in W for all A. 

Finally, using the asymptotics for u — > we find the Wronskians of the solutions 



Wr(0 +1 ,0 +2 ) = Wr(0 +1 ,0 +3 ) = -1, 

Wr (0 +2 ,0 + s) = -2xQ^±M. 

r(a) 

2.1.2 Solution on the semiaxis u < 
For k < 0, we will use the solutions 0_fc(w; W), 

0_ k {u- W) = +k {\u\- W), k = 1, 2, 3, u < 0. 

2.2 Symmetrical operator i^o 

For given a differential operation Ho {H in what follows in this section), 

H = -d 2 u + Am 2 , (2.3) 
we determine the following symmetrical operator Hq = H, 



H : 



D H = V(R\{0}), 
Hip(u) = Hil)(u), W> G D ffl 

where P(A) is a space of smooth functions with a compact support (i.e. which are equal to 
zero in some neighbourhoods of the endpoints of the interval A). 

2.3 Adjoint operator Hq = H Q 

The adjoint operator Hq is 



D H+ = area.c. on R\{0}, ^,#+^ G L 2 (R)} 

H + ^(u) = H^(u), u G K\{0}, VV, G D H+ 
where a.c. means absolutely continuous. 
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2.3.1 Asymptotics of if)* e D H + 

I) |u| — > oo 

Because V r (-u) = Am 2 > — (|A|+l)w 2 , we have: [if)*, x*]( u ) as « -> ±oo, Vy**, x* Dh+ 

0- 



Here [x*,^*] (w) = - • 

II) m — y +0 

Because 1^0* G £ 2 (M), we have 

ify.H = (~dl + Xu 2 )^(u) = r)(u), n e L 2 (R). 

General solution of this equation can be represented in the form 

ip*( u ) = a +1 +1 (u; 0) + a +2 +2 (u; 0) + I(u), 
if)*(u) = a +1 0' +1 (u; 0) + a +2 0' +2 (u; 0) + I'(u), 

where 



I(u) = O +2 (u;0) +1 (v; 0) v (v)dv - +l (u; 0) / +2 (v; 0) V (v)dv, 
Jo Jo 

pu pu 

I'(u) = O' +2 {u;0) O +1 {v;0)r}{v)dv-O' +1 {u;0) O +2 (v;0)rj(v)dv. 
Jo Jo 

We obtain with the help of the Cauchy-Bunyakovskii inequality: 

I(u) = 0(u 3/2 ), I'(u) = 0(u 1/2 ), u ->■ +0, 

such that we find 

if)*(u) = a+iu + a +2 + 0(m 3/2 ), if)'*(u) = a +1 + 0(u 1/2 ), u ->• +0, 
a+2 = ^*(+0), a+i = if)'*(+0). 

Ill) u —0 Analogously, we obtain for u — > — 0: 

= + a-2 + 0(\uf 2 ), if)'*(u) = -a_! + Od^] 1 / 2 ), u -0, 

a-2 = ^*(-0), a_i = — 0). 



2.4 Sesquilinear form 

Sesquilinear form of adjoint operator H + , wji+^jX*) is defined as 

wh+(x*M = u+H+ix*, 1 ^*) +U-H+(X*,' l P*), 
U+H+iX*,^*) = 



X*(u)Hif)*(u) - Hx*(u)if)*(u) 



^-ff+Cx*,^*) 



X*(u)Hip*(u) - Hx*(u)ip*(u) 
[x*,^*] H = Xi(i#*(«) - X*0)^*(«)- 
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Thus we have 
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a + i \ / a +2 



ai = I , a 2 



a_i / " \ a_2 



ai + i/c a 2 , d = I ^ + ) = a : - m a 2 , 



where kq is arbitrary, but fixed parameter of dimensionality of inverse length introduced by 
dimensional reasons. 



2.5 Self-adjoint hamiltonians 

Because all self-adjoint (s.a.) hamiltonians, Hot (= H t ), act on their domains as H, we 
should specify definition domains only. The definition domain D Hc of s.a. operator H t is 
determined by condition 

wjr+(x,-0) = 0, Vx,^ G £>^ c , 

from which it follows 

d^ = Uh^ W> G Z> H „ (2.4) 

where U is an arbitrary, but fixed for given extension, unitary (2 x 2)-matrix, U + U = 1. 
Thus, any s.a. hamiltonian is determined by assignment of unitary matrix U (we will denote 
the corresponding s.a. hamiltonian by Hqu = Hy), 

~ + _ f % = D v = {ip : i\) e D* s , d^ = C/b^,} 

17 ' \ tf^(w) = Hif}(u), u e R\{0}, VipeDu ' 

Thus, there exists a C/(2)-family of s.a. extensions of the initial symmetric operator H. 

2.6 Parity conserving extensions 

We will further restrict ourselves to the s.a. extensions conserving parity, [P, Hu\ = 0, 
where. P is the parity operator that acts on functions ip (x) in L 2 (R) as 

Pip(u)=ip (-u). (2.5) 

The Hilbert space L 2 (IR) can be decomposed in the direct orthogonal sum of a subspace 
L 2 (IR) symmetric functions and a subspace L^(W) of antisymmetric functions, such that 
L 2 (R) = L 2 s (R)®Ll(R), 

Pi's = *l>„ P^a = -i> a ■ 

One can easily see that operators Ho and Hq commute with P, 

[P,H] = [P,H + ] = 0. 
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This means that the operators H and H + can be represented in the form of direct sum of 
their parts in the corresponding subdomains of symmetric and antisymmetric functions: 

H = H S ® H a , D H = D Hs © D Ha , D HS;a = V s>a (R\{0» , 
Hip = H s ip s + H a ijj a , if> = 4> s + if) a , ip e D H , ^ s ,a e D Hs , a , 

where T> s ,a (K\{0}) are subspaces of symmetric (antisymmetric) functions in T> (R\{0}) . 
Similar decompositions hold true for the adjoint operator H + , 

H + = H+ © H+ , D H + (R\{0» = D H+ (R\{0}) s © D H+ (R\{0}) a , 

where D H + (R\{0}) s a are subspaces of symmetric (antisymmetric) functions in D H + (R\{0}): 

D H+ (R\{0}) Sifl = : i ]fl ,i ]a are a.c. on R\{0}, ^ s , a ,H+J* s , a G L* (R)} 

Because the operator P is bounded, | |P| | = 1, and P 2 = 1, the assertion that P commutes 
with iff/ means 

[P, F a ] = => H v = H sU © PT aC/ , 

where operators H Sja u are s.a. extensions of the operators H s a . In turn, if H s>a u are s.a. 
extensions of H Sya in L 2 a (R), then the operator Hjj = H s u © H a u is a s.a. extension of 

H in L 2 (R) which commutes with P. Thus, it is enough to describe all s.a. extensions of 
operators H S;a in the subspaces L 2 a (R) to find all commuting with P s.a. extensions H v of 
the operator H. 

First, we find the general form of matrix U = Up conserving (commuting with) the parity 

P. 

The condition: Up commutes with P, means that rel. ( 12.4ft is valid for the functions 
ip sa G L 2 a (R). The functions ip sa have the properties 

&s,a-2 — ifls,a+2) a s,a-l = ± a s,a+l> (2-6) 

such that doublets cL and have the form, 

n - ( VV2 \. n _ ( l/v/2 \ 

The condition ( 12 Ah gives for such doublets 

Upn S}a = A Sia n s>a , (2.7) 

> Cts,a+1 — ^O^s <a(+0)-i«0^,a(+0) i(0 _ 

A s ,a = — = ,' 7— ~ . ; 7—7 = e < ^ < 27T, 

i. e., orthonormalized vectors n s a must be eigenvectors of matrix U. General form of 
matrices U = Up satisfying condition (|2.7j) is 

Up = X s ii s © n s + A a n a © n a . (2.8) 
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The inverse statement is true as well. Namely, if matrix U has the form (12. 8 p then the 
subspaces L 2 a (IR) reduce the corresponding s.a. hamiltonian Hjj p , i. e., the hamiltonian 
Hu P commutes with parity operator P. 

In the terms of the asymptotical boundary (a.b.) conditions, such a form of the matrix 
Up means the following: 

a Sia+1 cosC s , a = K a Sta+2 sm( s a , |£ | < tt/2, ( s a = -tt/2 ~ C s , a = n/2, (2.9) 



or 



f a(/t usinC s , a + cosC s , a ) + 0(m 3 / 2 ), u > , . 

\ ia^oklsinC^ + cosCJ + O^ 3 / 2 ), w<0 ' U ~+ U ' ^ 

where ( s a = (p s a /2 — tt/2. The inverse statement is true as well. Namely, if matrix U gives 
the boundary condition of the form ( 12.101) (or ( 12. 9ft ) then that matrix U has the form ( 12.81) 
with ip %a = 2( sa + ir. In what follows, we change the notation of s.a. operator Hjj p for H{ . 

2.7 Extensions on semiaxis R + 

To extend the adjoint operator on semiaxis R + define for the differential operation ho (= h) 

h = H = -d 2 u + Am 2 , 

a symmetrical operator ho (= h) 



h : 



D h = V{R+) 

hip(u) = hip(u), Vy> G D h , 



and the adjoint operator Hq 



h+ = h + : 



D h + = are a.c. on R+, xp^HoA G £ 2 (M+)} 

h + ip^(u) = hip^u), ^ip^ E D h + 

Literally repeating the considerations of subsec l2~3.il we obtain the asymptotics: 

I) M — > OO 

bP*, x*](u) -> o, x* e 

II) it -»■ 

V>*(«) = a x u + a 2 + 0(u 3/2 ), ^(u) = a x + 0(m 1/2 ), 
fl2 = ^*(0), ai = ^(0). 

For the sesquilinear form oj h +{^)^ x*) we § e t 



Jo 1 J 

(b Xt b^ t — d Xit d^^) , 6 = ai + mo«2, = ai — inoa2- 



i 

2k 
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2.7.1 Self-adjoint hamiltonians 

Because all s.a. hamiltonians, hoe (= h e ), act on its domains as h, we should specify definition 
domains only. The definition domain Dh c of s.a. operator h t is determined by condition 

u h +(x^) = o, Vx,^ e D hc , 

from which it follows 

d f = e itp b^, G D hc , < <p < 2vr, ~ 2vr, 

or, equivalent 

ai cos C = ^o a 2 sin£, £ G S(—n/2, vr/2), ( = ip/2 — n/2. 

Thus, any s.a. hamiltonian is determined by assignment of unitary matrix U(l) = e lip (we 
will denote the corresponding s.a. hamiltonian by hoc), 

D h( = = {ip : ip G -D? , ai cos £ = K a 2 sin (} 



hoc, = h '■ 

Equivalently, the boundary condition for ip G can be represented in the form 



ip{u) = a(Kou sin C + cosC) + 0(u 3/2 ), u — y 0. (2.11) 
Thus, there exists a ?7(l)-family of s.a. extensions of the initial symmetric operator 



h. 



2.8 Self-adjoint extensions of H s 

The Hilbert space £ 2 (R) is the space of all symmetric functions that are square integrable 
on R. These functions obey the relations 

^(+0) = v(-o) = ^(0), v'(+o) = -v'(-o), G L 2 S {R) , 

(see (12.61) ) which implies 

(X, V) = 2( X , V)+ , = 2w jr+ (x,^)+ = 2w fc+ (x, VO, (2.12) 

where 



(*,V0+ = / x(u)iP(u)du, (2.13) 
./o 

and cJi/+(x, 4>)+ = ^h+ix^) is the sesquilinear form with respect to the scalar product 

(EH). 

Let us consider the isometry T: ip G M — )• v^/S ^ £ R+- Then 

D H .^D fc = Z>(R f ), D Ht = D* s (R\{0})^+D h+ . (2.14) 

It follows from eqs. fl 2 . 1 2 [) and f |2. 14j) that there is one-to-one correspondence (the isome- 
try T) between s.a. extensions of the symmetric operator H s in L^(R) and s.a. extensions 

h{ of the symmetric operator h in L 2 (M+): Hq •<=>■ £ s = (. Thus, the spectral analysis 
of s.a. operator in L,(R) is reduced to the spectral analysis of s.a. operator h^, ( s = C> 
in L 2 (M + ). Below, we represent this analysis. 
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2.8.1 Guiding functional 

To perform the analysis we have to define the guiding functional $oc(£; W) = $c(£; ^0 E] 

POO 

$ c (£; WQ = / U c (u; W)i{u)d U) £ G D c = D r (R + ) n D h( , 
Jo 

U c (u; W) = £/ oc («; W) = k q O +1 (u; sinC + +2 (u; cosC, 
D r (a,b) = {if){u) : supp^ C [a,/?^], ^ < 6. 

Note that U^(u; W) is real-entire solution of eq. ( 12. ip and satisfies the boundary conditions 

The guiding functional $f(£;W) satisfies the properties 1)- 3) of [5j [6] . We will call 
the guiding functional W) with those properties "simple". It follows [5J E] that the 
spectrum of is simple. 

2.8.2 Green function Gcx;(u, v; W), spectral function a 0( ^(E) 

The Green function Goc(u,v; W) = G^(u,v; W) is the kernel of the integral representation 

/>oo 

ip(u) = G c (u,v;W)r}(v)dv, rj G L 2 (M+), 



of unique solution of an equation 

(ftj - = rj(u), ImW > 0, (2.15) 

for if) G D^, that is, .if) G L 2 (IR + ) and if) satisfies the boundary conditions (12. lip . We find 

fi f (W) = fi 0f (W) = «>o<(W) = w c (iy) = sinC + t(^) cosC, 

oj ( (W) = Cjoc(W) = cosC - 7W smC, l{W) = %{W) = —j(a), 

I> + l/2) 
7(a) = 7o(«o = ^7~\ ' 

where we used relations 

k O +1 (u; W) = U ( (u; W) sinC + £>c(w; W) cos(, 
+2 (u; W) = U c (u; W) cos( - U c (u; W) sinC, 
+3 (u; W) = U ( (u; W)u) C (W) - U c (u\ W)u c (W). 

Note that U^(u; W) is real-entire solution of eq. ( 12. ip such that the last term in the r.h.s. of 
eq. (I2.16P is real for W = E Q = E (ImW = 0). From the relation [5J E] 

U 2 Au ; E)a'AE) = - ImG c (u - 0, u + 0; E + zO), 
where f(E + zO) = lim e ^ +0 /(£ + ie), V/(W), we find 

o oc {E) = a'AE) = - ImQ c (E + i0). 
Now we proceed to defining the spectrum of the theory. 
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2.8.3 Spectrum, A > 

We have x = A 1/4 > 0, W = E + ie, w{E) = w\ w=E = E/A^X 



a)C = 7r/2 



n v/2 (w) = 



7 



(E + ie) 2X l/4 T(3/4-(E + ie)/^) 



«o K 2 Q r(l/A-(E + ie)/AVX) 

The function £l n / 2 (E) is real for E where |Qo 7r / 2 (£')| < oo. Therefore, lmQ w / 2 (E + iO) can 
be not equal to zero only in the points Q n / 2 (E) = ±oo, i.e., in the points a + 1/2 = —n, 

W{$ n) = W n/2 \n = Tl + 3/4, 71 G Z+, Or 

tf 0ra = tf n = 4A 1/2 n + 3A 1/2 = 2A 1/2 [(2n + 1) + 1/2]. 

In the neighborhood of the points we have (W = ~& n + A, A = E — + ie, a = 
—1/2 — n — A, A = A/4VX) 



Imfi V2 (E + iO) 



2A 1 / 4 



«gr(-l/2-n) 



Imr(-n- A)U +0 



K 



A 3/4 (2n + l)!! 
v^(2n)!! 



1/2 



Finally, we find 



a 'n/2( E ) = ^2Ql/2\J( E ~ #n), Spech n/2 = 71 G Z+}. 



n=0 



A complete orthonormalized system of (generalized) eigenfunctions of h n / 2 is {U n / 2 \ n (u) = 
Q<;\nkoO+i(u;<d n ), n G Z + }. 

We obtain the same results for the case ( = —ir/2. 

b)c = o 



Q (E + ie) 



r(l/4-(E + ^)/4 v / A) 



Koi(E + ie) 2\ 1/A T(3/A-(E + ie)/AV\)' 

The function Qq(E) is real for E if |f2 (-E)| < oo. Therefore, lmQ (E + i0) can be not equal 
to zero only in the point Cl (E) = ±00, i. e., in the points a = —n, w(E \ n ) = w \ n = n + 1/4, 
n G Z + , or 

E 0[n = 4A 1/2 n + A 1/2 = 2A 1/2 (2n + 1/2). 
In the neighborhood of the points E \ n we have 

Im Q o(E + iO) = _ 1/4t ^ 7 Im F(-n - A) U +0 



2A 1/4 r(l/2-n) 



— n Ql\n$( E ~ E 0\n), Qo\n 



2(2n- 1)!!A 1/4 
v^(2n)!! 



1/2 



Finally, we find 



°o(- E ') = ^2 Qo\J( E - E o\n), specho = {£ |n, n G Z + }. 



n=0 
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A complete orthonormalized system of (generalized) eigenfunctions of h is {U \ n (u) 
Qo\nO + 2(u;E \ n ), n G Z + }. 
c) General case of |£| < n/2 
In this case we have 

a'AE) = L— Im ' 



^ ' 7rK cos 2 C j(E + 2O) + tan ( 

The function 7(-E) is real for real E. Therefore, cr'^(E) can be not equal to zero only in the 
points 

7(£ C | n ) = -tanO (2.17) 
For the derivative of spectral function cr'AE) we find 



1 



^ . 1/2 

a' c (E) = J2Ql\J(E-E (ln ), Q c]r 

n=0 



K^'(Ec_\ n ) cos 2 C. 

l'{E Qn ) < 0, d c E cln = -l/[7'(£ C |„)cos*C] > 

Let us study eq. (12. 1 7f) in more details. The function j(E) has the properties: 'y(E) = 
k l \E\ l l 2 + 0{\E\- 1 ' 2 ) ->■ oo as E ->■ -oo; 7($ n ± 0) = ±oo, n G Z+; 7(^0^) = 0,n6 Z+; 
Eo\ n < fin < E \ n+ i < $ n +i, Ti G Z + . Then we find: in each energy interval (i? n -i,i?r,), 
n G Z + , for fixed £ G (— ir/2, 7r/2), exists one solution of eq.f l2.17p i^| n monotonically 
increasing from $ n _i through i? | ra to $ n when £ runs from —tt/2 + through to 7r/2 — 
(we set = —00). Note that the equalities ]ha.£-+ K /2 Eq \ n = hm^_ s ._ 7r /2 E^\ n+ i = $ n hold 
which illustrate the equivalence of the extensions with ( = —tt/2 and ( = tt/2. 

A complete orthonormalized system of (generalized) eigenfunctions of is {U^\ n (u) = 
Q c \ n U c (u;E C \ n ), n G Z + }. 

2.8.4 Spectrum, A = 

Guiding functional, spectral function 



Ufa W ) = K0S ^Z! /2U) smC + cosiW^u) cosC, 



a',(E) = -lmn c (E + iO), fl c (W) 
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1 k cosC + iW l/2 sin( 
k n sin ( — iW 1 / 2 cos ( 



a)C = ±vr/2 



n ±7T/2 (W)=i^ 2 W 1/2 , n ±w/2 {E + iO) 



in^E 1 / 2 , E > 

— /^o 2 !^! 1 / 2 , e < 



^ < , spec/i ± ^ /2 = [0, 00) 



b)c = o 
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n (w) = iw~ l '\ n (E + io) = { E E > ° Q , 

^ol^) = | o E < ' spec/l ° = t ' °°) = R +- 

c) General case \C\ < ir/2 
In this case, we have 

= Im 7^-7 - n v ^o(^) = -^ 1/2 + tan C 

^ 7TCOS 2 (, CO (E + l0) 

i) E >0 

E l/2 X V2 



sin £ + E cos 2 C 



The spectrum of is simple and continuous, spec/i^ = M + 
ii) E = -t 2 < 0, r > 
In this case we have 

Wo (E) = t + kq tan £. 

We find: 

If C £ [0, 7r/2) , then cr^-E 1 ) = and there are no spectrum points. 
If £ e (— 7r/2,0), then Imfi^(i? + iO) can be different from zero in the point E^_i 
— tan 2 £ only and 



2ko sin |£| 
cos 3 C 



^( J E) = g 2 _ 1 5(E-^|_ 1 ), Qci-i = 

Finally, we obtain 

speck -I R + 'Ce[0,7r/2) 
A complete orthonormalized system of (generalized) eigenfunctions of /i£ is 

f {U C \ E (u), E>0},, CG [0,vr/2) 
\ {£/ C |*H, ^>0; C/ c («)}> Ce(-7r/2,0) 
^C|b(«) = Pc(E)U c (u;E), U c {u) = Q chl U c (u; E chl ). 

2.8.5 Spectrum, A < 

First we write down the parameters of the theory in this case: 

X = e -W4| A |l/4 ? x -l = e -/4| A |-l/4 5 H 2 = _ i | A |l/2 > 

p = -ilAI 1 / 2 ^ 2 = e-^lAp/V, a = 1/4 - nZ>, w = w = W/4\\\V 2 , , 
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a = 1/4 + iw = ao(w) = 1/2 - a, w(E) = Ef^X] 1 / 2 = w{E). 

1 7(W) sin£ — cosC 



n c (w) 

1(E) = 



k 7(W) cos C + sin £ ' 
47TIAI 1 / 4 
Kol^a:)! 2 ^-™ + ie™) 



a)C = ±vr/2 



b)c = o 



*'o±,/2(E) = ~— Im 7 (£ + iO) = -— lm^(E) = P 2 ±7r/2 (E), 
2|A| 1/8 e™/ 2 

Po±,/2(E) = ^1^)1(^ + ^)1/2' specW/2 = R- 



1 111 

<x' (£) = Im —— = Im — — = pliE), 



Po(^) = ^/ 2 |r(a)||Ar 1 / 8 , specie 



c) Arbitrary ( 



a'AE) = -lmQc(E + iO) = - Im Sl c (E) = 
4IAI 1 / 4 e™\T(a)\ 2 



€ o e 2 ™|i»| 4 sin 2 C + (e~™\T(a)\ 2 sinC + cosC)' 
spec/i^ = R. 



p 2 (£), 



A complete orthonormalized system of (generalized) eigenf unctions of is 

{U clE (u)= P< (E)U c (u;E), EER} 

2.8.6 S.a. extensions of H Qs 

specH ( s = spech 0( ; s . 

The eigenf unctions Ujj (u) of the complete set of eigenfunctions of the operator Hoc 3 are 
equal to 
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2.9 S.a. extensions of Hoa 

Literal consideration gives 

specif = spec/ioc a , 

the eigenfunctions Uft Q (u) of the complete set of eigenfunctions of operator Ho( a are equal 
to "" | 

U Ho (a ( U ) = -^f( U ) U hoiS\ U \)- 

Note that the spectrum of a total s.a. Hamiltonian Hqq c = Hoc © Hoc, is simple for 
A > 0, ( s 7^ ( a , and twofold for A > 0, ( s = ( a , and for A < 0. 



2.10 Standard extension 

If we consider a differential operation Ho ( 12.31) as acting on complete axis R, a symmetrical 
operator Ho(w) should be determine as follows: 

H Q (R) : {d Ho{r) = V(R), H ( R )4>{u) = H ^{u), G D Ho{R) } . 

Adjoint operator Hq^ is 

A + J = < are a.c. on R, V*, iW* G L 2 (R)} 

Because w H +(V>*,X*) = [x*, HL->oo ~ [x*> V 1 *] ( M )lu-+-oo = °> the operator #+ (R) is 
symmetrical and, as consequence, s.a.. That means that there is only one s.a. extension 

of symmetrical operator H (r), the operator H (R) e = H£ m = H (m, D H = D H + . 

Because the inclusions 

D H+ D X?(R) D P(R\{0}) 

are hold true and ff O (t)^(R\{0}) = H o V(R\{0}) = H o V(R\{0}), we obtain that H (n) e 3 
Ho, i. e., Ho(R) e is some s.a. extension of symmetrical operator Ho- This s.a. extension is 

specified by the bondary conditions ^(0) = 0, ip a (0) = 0, ip s>a G (Dh 0(r)c J ■ thus, we find 
Ho(R)t = H ( s ( a , ( s = 0, C a = ±tt/2. 



3 One-dimensional Coulomb-like interaction 

In this section we will consider the equation 

d 2 Mx) + - j|| + £)i>{x) = 0, (3.1) 

£ = \£\e iife , +0<(p s < 7i, lm£ > 0, 

where h 2 £/2m is complex energy, h 2 g/2m is a coupling constant. This problem is a particular 
case of generalized Kratzer problem, which for has been solved in [TJ. Here we will present 
those results, which are interesting for investigations of the spectra of dual theories. Going 
through the same steps as in Section El we find what follows. 
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3.1 Solution on the semiaxis x > 

Introduce a new variable 

z = 2Kx, K = v^S = ^\8\e i{lp ^ )/2 = y/\g\[ma((p e /2) - icos((p s /2)} d x = 2Kd z , d 2 x = AK 2 d 2 z , 
and new function (f>(z) = z~~ l l 4 e z l 2 ip(x). Then we obtain 

zd 2 z <P{z) + (1/2 - z)d z <f)(z) - (1/4 + g/2K)<P{z) = 0. (3.2) 

Eq. (13. 2p is the equation for confluent hypergeometric functions, in the terms of which 
we can express solutions of eq. ( I3.ip . We will use the following solutions: 

C+i(x; £) = K 1/2 x 3/4 e- z/2 $(a + 1/2, 3/2; z), 

C +2 (x; 8) = x 1/4 e~* /2 $(a, 1/2; z), 

C +3 (x; 8) = Tr-V 2 T(a + l/2)x 1/4 e -* /2 ^(a, 1/2; z) = 

2y/2Mfi> + l/2) ^ 

= C +2 {x;8) — C +1 (x;8), a + 1/2 ^ -n,n G Z+, 

r(a) 

a = ac = 1/4 + 5-/2K = 1/4 - w, w = w c = -g/2K. 

3.1.1 Asymptotics 

Let x — y +0 
We have 

C +1 (x; 5) = < V2 ^ 3/4 + 0(x 7 / 4 ), C +2 (x; 8) = C +as2 (x) + 0(x 9 / 4 ), 

C +3 (x; 8) = C +as2 (x) - 2 ^I> + i/2) x 3/4 + o a + 1/2 ^ „ e Z+, 

r(a) 

C +as2 (x)=x 1 / 4 + 2^ 5 / 4 . 

Let x ->■ oo, Im£ > (ReK > 0, -vr/2 < argif < 0, -tt/2 < argz < 0) 

v^(2iv) a - 1 
2K /2 T(a + 1/2) 



C +1 (x;£) = - \l K ] - - x-^a + O^- 1 )) = 0(x- Re -e Re ^), 



C +2 (x- 8) = V 1 \ x- w e 2/2 (l + 0(x- 4 )) = 0(x- Re "e Re ^) 

r(a) 

C +3 (s; £) = 7r- 1/2 r(a + l/2)(2K)- Q a; lu e- 2/2 (l + 0(^ 4 )) = 
= 0(a; Rewo e — Re - R ^ E ) 
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3.1.2 The limit 8 = 



C+i(x;£) -> Ko 1/2 x 3/4 ®{g/2K, 3/2; 2Kx) 



,1/4 



sinh(2y / 7fx) 



C+ifoO) 



x 



1/4 



2^7^77 



C +2 (x; 8) -> x 1/4 $(^/2K, 1/2; 2/i~x) = x 1/4 cosh(2y77f), C +2 (x; 0) = x 1/4 cosh(2y77f ) 



C +3 (x;£) ^x 1/4 

C +3 (x ] 0)=x 1 / i e- 2 ^ 
(we used a relation 

V2KT(a c + l/2)/r(a c ) 



cosh(2 v /77x) 



/ ZKT(a c? + 1/2) 



v^ r («c) 



sinh(2 A /77x) 



1/4 -2y/gx 



x ' e 



x^ 1/2 T(a + l/2)/r(a ) = 2- 1 « 1/2 = V^)- 



Thus obtained solutions are in agreement with direct solution of eq. ( 13. ip for £ = 0. 

Note, that all solutions of eq. (13. lj) are square-integrable at the origin and only the solution 
C +3 (x;8) is square-integrable at the infinity for lm8 > 0, i. e., C +3 (x;8) G L 2 (M + ) for 
Im£ > 0. 

It follows from the relation 9.212.1 of [4] that 

e- 2/2 $(a, 1/2; 2) = e~ Kx $(l/4 + g/2K, 1/2; 2Kx) = 

= e Kx $(l/4 - g/2K, 1/2; -2Kx), 
e~ z/2 <S>(a + 1/2, 3/2; z) = e" Xx $(3/4 + g/2K, 3/2; 2ATx) = 

= e Kx $(3/4 - g/2K, 3/2; -2Kx), 

i. e., the functions C + i and C +2 are even functions of K ( for fixed rest parameters and x). 
That means that C + i and C +2 are real-entire functions of 8. 
The Wronskians of the solutions of eq. (I3.1j) are 



Wr(C +1 ,C +2 ) = Wr(C+i,C+ 3 ) = -«:o 1/2 /2, 
Wr(C +2 ,C +3 ) = -v^ r( "|.y 2) , Wr(C +2 ,C +3 )| £=0 = -y^- 



T{a) 

3.1.3 Solution on the semiaxis x < 
For x < 0, we will use the solutions C-k(x; 8), 

C- k (x;8) = C +k {\x\;8), k = 1, 2, 3, x < 0. 

3.2 Symmetrical operator i^c 

For given a differential operation He = H, 
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we determine the following symmetrical operator He = H, 

D H = V(R\{0}), 



H : 



HiP(x) = Hip(x), W> G D H , ' 



3.3 Adjoint operator H£ 



D H + = R,^'* are a.c. in R\{0}, e ^W} 

# + ^(a;) = a; G M\{0}, W>* G £> H + 



3.3.1 Asymptotics 



I) |x| — > oo 

Because V(x) = g/\x\ — 3/16x 2 — > as |x| — >■ oo, we have: — 0> W** 

[^*,X*](^) ->■ Vip*,X* e as x ^ ±oo. 
II) x ->■ +0 

Because G £ 2 (M), we have 

H^{u) = {-d 2 x + - 3/16x 2 )^(x) = ?7(x), i] E L 2 

General solution of this equation can be represented in the form 

V>*(z) = a +1 C +1 (x; 0) + a +2 C +2 (x; 0) + /(x), 
^(x) = a +1 C' +1 (x; 0) + a +2 C' +2 (x; 0) + /'(x), 



where 



I(x) = 

I\x) = 2^ 



(*X f*X 

C +2 (x;0) C +1 (y;0)r,(y)dy-C +1 (x;0) C +2 (y,0)ri(y)dy 
Jo Jo 

l*X f*X 

C' +2 (x;0) C +1 (y;0)r,(y)dy-C' +1 (x;0) C +2 (y;0)r ] (y)dy 
Jo Jo 



We obtain with the help of the Cauchy-Bunyakovskii inequality: 

I{x) = 0(x 3 / 2 ), I'{x) = O^ 2 ), x -> +0, 

so that we have 

il>.(x) = a +1 K 1/2 x 3 ^ + a +2 C +as2 (x) + 0(x 3 / 2 ), 

= (3/A)a +1 K- 1/2 x-^ + a +2 C' +as2 (x) + 0(x^ 2 ). 

Ill) x ->■ -0 

Analogously, we obtain for x — > — 0: 

^(x) = a_!«o 1/2 |x| 3 / 4 + a_ 2 C +as2 (|x|) + 0(|x| 3 / 2 ), 

= -(3/4)a_ lKo - V2 |^r 1/4 - a- 2 C; as2 (|x|) + O^l 1 / 2 ). 
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3.4 Sesquilinear form luh+(i/j^, \*) 



U+H+(X*,^*) = 



dx 



ZKn 



U-H+(X*,1p*) 



dx 



\X*M ( x )L->-a = -^72(^-20^-1 -a x «-ia^- 2 ), 



such that we have 



2k 



1/2 v a X*2 a i/'*l — a X*l a V , *2j 



4«; 



3/2 



( b x»V - d x, d ^) 



ai 
b -- 



6_ 



a 2 



a+ 2 

ai + iK a 2 , d 



ai — m a 2 . 



3.5 Self-adjoint hamiltonians 

Because all s.a. hamiltonians, Hcc, act on its domains as He, it should specify definition 
domains only. The definition domain Djj Ct = Dh c of s.a. operator Hct = is determined 
by condition 

u H +(x,ip) = 0, Vx,^ G D# c , 

from which it follows 

d^, = Ub$, G Dff Ce , (3.3) 

where U is an arbitrary, but fixed for given extension, unitary (2 x 2)-matrix, U + U = 1. 
Thus, any s.a. hamiltonian is determined by assignment of unitary matrix U (we will denote 
the corresponding s.a. hamiltonian by Hqu (= H-u in this section)), 

. f D Hu = {if> : V e ^ d V> = 
u ' \ ^(x) = H^{x), x G M\{0}, y^eDu ' 



Thus, there exists a C/ (2)-family of s.a. extensions of the initial symmetric operator He- 



3.6 Parity conserving extensions 

The introduction of the parity opereator is the same as in Section [2j The U = Up matrix 
also has the same properties. So we come to defining the elements of the matrix. 

In the terms of the a.b. conditions, the obtained form of the matrix Up means the 
following: 

a Sia+1 cosC s , a = K a Sta+2 sm( s a , \( S J < tt/2, ( s a = -tt/2 ~ C s , a = n/2, (3.4) 
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or 



a[fi:J /2 x 3 / 4 sinC Sia + C +as2 (a;)cosC s ,J + 0(x 3 / 2 ), x > 
^' aW \ ±a[4 /2 |x| 3 / 4 sinC s , a + C +as2 (\x\) cosCJ + 0(* 3 / 2 ), * < ' "> 

where ( s a = (p s a /2 — tt/2. The inverse statement is true as well. Namely, if matrix U gives 
the boundary condition of the form (13. 5p (or f)3.4p ) then that matrix U has the form (12.81) 
with <p sa = 2( sa + it. In what follows, we change the notation of s.a. operator H Up for 
Hf = Hcc ■ 

^ s,a ^ *s s ,a 

3.7 Extensions on semiaxis M + 
3.7.1 Differential operation h c 

\x\ Vox 1 



3.7.2 Symmetrical operator he 

D hc = D h = V(R + ) 
h%p(x) = hip(x), Vif) G D h 



h c = h: 



3.7.3 Adjoint operator 

D h+ = R,/* are a.c. in R+, e ^ 2 (»+)} 

h+ijj^x) = hipt(x), VV>* G 



h+ = h + : 



3.7.4 Asymptotics of ^ G -D^+ 

Literally repeating the considerations of 13.3.11 we obtain: 

I) x — > oo 

bP*, X*](x) -> as x ->■ oo, V^*, X* e ZV- 

II) x ^ 

^(x) = a+iKo V ^ 3/4 + a +2 C +as2 (x) + 0(a; 3 / 2 ), 

= (3/4)a +1 K - ^V 1 / 4 + a +2 C' +as2 (x) + O^ 1 / 2 ). 

3.8 Sesquilinear form Uh+{ip*,X*) 



dx 



Ak 



2k 

(b Xt b^, t — d x ^d^) , b = a\ + iKo a 2, d = a\ — inoa,2- 



3/2 
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3.9 Self-adjoint hamiltonians 

Because all s.a. hamiltonians, hc e = h c , act on their domains as h, we should specify only 
definition domains. The definition domain Dh r of s.a. operator h t is determined by condition 

= o, Vx,^ g D hc , 

from which it follows 

= e%, G D hcc , < p < 2vr, ~ 2tt, 

or, equivalently 

di cos C = ^o a 2 sinC, ( = ip/2 — n/2, — n/2 ~ 7r/2. 

Thus, any s.a. hamiltonian is determined by assignment of unitary matrix £7(1) = e tlp (we 
will denote the corresponding s.a. hamiltonian by hoc, = h>c)i 

~ ( D h( = {tp : ip &D* h , ai cos ( = K fl2 sin (} 
C : \ ft f V>(z) = ty{x), G Z\ 

Equivalently, the boundary condition for ip G Dh c can be represented in the form 

tjj( x ) = a [K /2 x 3/4 sin C + C +3s2 (x) cos C] + 0(x 3/2 ) -> 0. (3.6) 
Thus, there exists a 6 r (l)-family of s.a. extensions of the initial symmetric operator h. 

3.10 Self-adjoint extensions of H s 

The Hilbert space L%(M.) is the space of all symmetric functions that are square integrable 
on R. For these functions, the relations 

(*,V0 = 2(x,-0)+ > ^H+ix^) = 2uj h+(x,^)+ = 2u h +(x,*P), (3.7) 
hold true, where 

(x,^)+ = X(x)ip(x)dx, (3.8) 
</o 

and o;^+(x, 4>)+ = u h +{x, if)) is the sesquilinear form with respect to the scalar product (13. 8p . 
Let us consider the isometry T: ip G R — v^/S ^ Then 

D H , A A = X>(K+), D Ht = D* 6 (R) ^> IV = (R + ) . (3.9) 

It follows from eqs. ( 13. 7p and ( 13. 9 p that there is one-to-one correspondence (the isometry 
T) between s.a. extensions of the symmetric operator H s in £ 2 (R) and s.a. extensions 

of the symmetric operator h in L 2 (R + ): Hq •<=>■ h$, ( s = (. Thus, the spectral analysis 
of s.a. operator in £ 2 (R) is reduced to the spectral analysis of s.a. operator h^, ( s = (, 
in L 2 (R + ). Below, we represent this analysis. 
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3.10.1 Green function Gc^(x,y; £), spectral function acc,{E) 

We find the Green function Gcc{x, y\ £) = G^(x, y; £) as the kernel of the integral represen- 
tation 

poo 

V(z) = / G ( (x, y; £) V (y)dy, rj G L 2 (R + ), 
Jo 

of unique solution of an equation 

(h+ - £)ip{x) = 77(a), lm£ > 0, (3.10) 
for ip GG Dh ( , that is, ip G L 2 (IR + ) and ip(x) satisfies the boundary conditions (I3.6p . We find 

2ti ( (£) 

k /2 u c (£) 



n C( (£) ee Q c (£) = _ 1/2 C cocc(£) = u> c (£) = m cosC + sinC, 



= = m smC - cosC, j(£) = 2*/— 7 (a), j(a) = 

V «o r(a) 

where we used relations 

Ucc(x; £) = U{(x; £) = k C +1 (x; £) sinC + C +2 (x; £) cosC, 
U C ((x; £) = £) = k C +1 (x; £) cosC - C +2 (x; £) sin£, 

C +3 (x; W) = U c (x; W)u ( (W) - U c (x; W)u c (W). 

Note that U${x\ W) and U^(x; £) are real-entire solutions of eq. (13. II) . /7f (x; VF) satisfies the 
boundary conditions (13. 6p . and the last term in the r.h.s. of eq. (13.1 ip is real for £ = E 
(lm£ = 0). 

3.10.2 Guiding functional 

The guiding functional <3>ce(£; W) = $c(^ w ) is 

pOO 

$ f (C; £) = / c/c f (x; £ )£(x)dx, £ g © c = D Aoe n D P (R+), 

Jo 

U C (;(x; £) = U^{x\ £) = k C +1 (x; £) sin( + C +2 (x; £) cos(. 

The guiding functional $£(£;£) is simple and the spectrum of hc( is simple. From the 
relation 

U?(x ; E)a'AE) = -lmGc{x -0,x + 0;E + i0), 

7T 

we find 

</(£) = — ImfW£ + i0). 

7T 
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3.10.3 Spectrum, E > 

We have <p s = +0, K = -iy/E, a = 1/4 - iw, w = -g/2y/E, 

2 A2" c - CT /4 £ i /4 r(i - (1/4 + iw))T(l/A + ig) 



~ At) ~ XI ~ |i»| 2 



4v / 2vrE 1 / 4 ( e - 



«o /2 |r(a c )| 2 (e 2 ™c +e -2™c)' 



First we will study a question whether there exists the eigenvalue E = 0. Linearly 
independent solutions of eq. (13. ip for £ = are 



x 



1/4 



C +1 (x;0) = -^=sinh(2V^), ^ +3 (x;0) = a^V 2 ^. 

For g < 0, the square- integrable solutions are absent. For g > 0, there is one square- 
integrable solution C +3 (x;0). Representing the asymptotic of the function C +3 (x;0) in the 
form 

C +3 (x; 0) = {-2K- ll2 gV 2 )K X J 2 x^ + C 2as (x) + 0(x 7 ^), x -+ 0, 

we find that this function is eigenfunction of s.a. hamiltonian h$ , C g — arctan(— 2kq 1 ^ 2 g l l 2 ). 
a)C = ±7r/2 



- -Imfi ±7r/2 (£) = -_I m — 7 (£) = ^ |r(a)|2(e2m5 + e - 2TtB) 



7T 



= = P 2 ^/^ E l T + A^ E) = { A\g\^/l^g < 

b) c = o 

- -ImQ (E) = -Im— = e ^l r ( a )l 2 = p 2 {E) = p 2 (E) 



a' (£) = p 2 (£), spec/io = K+. 



c) C^0,±7r/2, E>0 



vr m C ^ 7r/4 /2 m e - ™ sin ( + a cos ( + ie™ sin C 



8\/2E 1 / 4 e ™|r(a;) 



1 2 



(4 /2 e-™|r(a)| 2 sin ( + 4V / 2tt£ 1 /4 cos C) 2 + K e 2 ™|r(a) | 4 sin 2 ( 



2 2/^ 4V/27TE 1 / 4 

K o l r («)r 
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Now we can calculate \im E ^ +0 p 2 (E) . 
i) 9 < 



ii) g > 0, C ^ C 



Jim^) = 4tt- 1 |( 7 | 1 / 2 (4|( 7 | cos 2 C + KqW^C)' 1 - 



lim p 2 ,(E) = 0. 



iii) £ > 0, C = Cg 

a' Cg (E) = 16g 3 / 2 (l + 4g/K )5(E)+pl(E), p^O) = ^/c g ( E ) = °> 
spec/i^ = R + . 
Finally, we obtain for E > 0: 

" 1 iQg 3/2 (i + ±g/K Q )5{E) + pl(E), c = C 9 ' 

Of course, the expressions of subsubsecs I3.10.3l a and 13. 10.31 b are the limiting cases of 
the expressions of subsubsec I3.10.3l c. 

3.10.4 Spectrum, E < 0, 

In this case we have 

<p e = 7T - 0, K(E) = K\ W=E = y/\E\, a = 1/4 - w, w(E) = w\ £=E = -g/2y/\E\, 

7(E) = 2^0 1/2 |^| 1/4 r(« + l/2)/r(a) 

a) C = vr/2 
We find 

,^ W 4V2]E1V^+V2j 
-"±ir/2^J 17^- ^rr^ • 

i) s>0 

In this case, Q n / 2 (E) is re& l an d finite, such that lmQ n / 2 (E) = <j' ±7t ^ 2 (E) = and 
spech n / 2 = 0. 

ii) g < 0, = M/2^. 

In this case, the function fL^-E 1 ) is real for E when jfL^-E 1 )! < oo. Therefore, 
lmQ w / 2 (E + z'0) can be not equal to zero only in the point Q 7r / 2 (E) = ±oo, i. e., in the 
points a = a ±7r/2 \» = -1/2 - n, w = w± n/2 \ n = n + 3/4, E = d Cn = $ n , n G Z + , 

^ n = -/[(2n + l) + l/2]- 2 . 

In the neighborhood of the points $ n we have (8 = $ n + A, A = E — $ n + ie, a{£) = 
-1/2 - n - 6A, b = \g\\$ n \- 3/2 /4) 

- Imn V2 (E + i0) = -f-L^ V Imr(-n - 6A)U +0 = 

Kol (,—1/2 — 

1/2 

KW>\i) ' '(•>/; -u I 1H 





7 / 4 (2n + l)H 




2n!! 
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Finally, we find 

oo 

a 'n/2( E ) = ^Ql/2\J( E ~ $n), Spech n/2 = \j) n 71 G Z + }. 



n=0 



We obtain the same results for the case ( = —n/2. 

b)c = o 

In this case, we have 



^ /2 7(£) v^^/2r(a + l/2)' v^l^l^r^ + i^)' 

i) 2 > 

In this case, £lo(E) is real and finite, such that lmfl (E) = cr' (E) = and spec/io = 0- 

ii) </ < 0, w(E) = \g\/2y/\E\. 

In this case, the function £l (E) is real for E when |O ( J E7) | < oo. Therefore, lmil (E+iO) 
can be not equal to zero only in the point Cl (E) = ±oo, i.e., in the points a = a \ n = —n, 
w = w \ n = n + 1/4, E = E \ n , n = 0, 1, 2, 

|E |„| 1/2 = \g\(2n+l/2)-\ E 0]n = -g 2 (2n + 1/2)- 2 . 

In the neighborhood of the points E \ n we have (£ = E \ n + A, A = E — E \ n + ie, a(£) = 
-n-bA, b=\g\ \E \ n \-^/A) 

- Im Q (E + i0) = — - Im r(-n - 6A) L^+ = 

V2\E oln \W(l/2 - n) V 



— n Ql\n$(E - E \ n ), Q \ n 

Finally, we find 



2^|E | w | 5 / 4 (2n-l)!! 
v^M(2n)H 



a' {E) = Ql\J(E - E 0]n ), spec/io = {£ |n, n E Z+}. 



n=0 



c) General case \(\ < it/ 2 
In this case, we have 



<(E)= - Im 



ttk; /2 cos 2 C l(E + iO)+ttm( 

The function i(E) is real. Therefore, cr'^(E) can be not equal to zero only in the points, 
where 

7(£ c , n ) = -tanC, (3.12) 

such that we have 



a' c (E) = J2Ql\J(E-E (ln ), Q c , n 



1 ' 1/2 



4 /2 cos 2 C^( E CI"). 
f (E (ln ) < 0, d c E c]n = -l/[cos 2 Cf(£<>)] > °- 
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Let us study eq. (13.121) in more details. 

i) 9 > 0, 

In this case, we have w(E) < 0; j(E) > 0; j(E) = 2 3 / 2 /t~ 1/2 r- 1 (l/4)r(3/4)|£| 1 / 4 + 
0{\E[~ 1 ^) — > 00 as E — > —00. Eq. ( 13 . 1 2 j) has no solutions. for ( G (( ,ir/2) and for any 
fixed C G (— tt/2,(o) nas one solution Ei ^ G (— 00, 0) monotonically increasing from —00 to 
— as ( run from —rr/2 + to —0 (let us remind that for g > and ( = ( , there exists the 
level E { ~ ] = 0). 

ii) g< 0, w(E) = \g\/2^\E\ 

In this case, we have: 7(E) = 2 3 / 2 re~ 1/2 r- 1 (l/4)r(3/4)|£| 1 / 4 + 0(|£|-V 4 ) as £ -> -00; 
7(-Eo[n) = 0; 7(^„ ± 0) = ±00; E \ n < tf n < E \ n+1 < >& n+1 . Then, in any domain ($ n _i,$„), 
n G Z + , for fixed £ G (— 7r/2, vr/2), eq. (13. 12ft has one solution £^| n monotonically increasing 
from fin-i + through E Q \ n to # n — as ( run from — n/2 + through to ir/2 — (we set 

= _oo) 

4 Comparison of the spectra of the theories of oscilla- 
tor and Coulomb- like potential (ID Anyon) 

Making the identifications 

u = \/x/k,q, W = —4:K g, A = — 4/«q^, 

x = k u 2 , S = -A/4k 2 , g = -W/Akq, (4.1) 

we will get the following correspondence between oscillator and coulomb parameters and 
functions 

K = V\/2k = x 2 /2k , \[K = x/V^, z = p, y/g= V /Z W 7 /2 V ^, 
a c — «o> w c — w Oi wc — wo {Ec > 0, A < 0; see 8.3), 
7c(«c) = 7o(«o), uc((£) = woc(W), tic((£) = w O c(W0, 

ficc(^) = 2kI /2 ^{W)- 
Then we'll obtain 

C +fc (x; 8) = x 1/4 +k (u; W), k = 1, 2, 3, 
^+asi(x;^) = x 1 / 4 +as ( M ;^), 

in agreement with eq jl.4l 

It's easy to see, that for any fixed (, to each point of continuous spectrum in the plane 
Ec,g corresponds a point of continuous spectrum in the plane Eo, A, and to each point of 
discrete spectrum in the plane Ec, g corresponds a point of discrete spectrum in plane Eo, A, 
while the image of the point, which is not a spectrum point in the plane Ec,g, is not point 
a spectrum point in the plane E Q , A, and visa versa. Note, that a complete correspondence 
between the points of the spectra exists only if one takes into accounta "nonphysical" A < 
in the case of oscillator. 

The general statement on correspondence of the spectra of two problems is easily checked 
in the cases of ( = ±7r/2 and ( = 0. 
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It is worth mentioning, that as was stated in previous sections, the complete orthonor- 
malized system of (generalized) eigenfunctions of theories are Uqe(u) = p^(E)U^(u; E) for 
continuous spectrum and U^\ n {u) = Q^\ n U^{u\ E) for discrete spectra. The connections be- 
tween the normalized functions in two cases are 



s Pc((E c ,g) 1/4 \u\ 

;g) = jr- rrX 1 U C\E W = \ -TT U OC\E {u; A), 



UcC\E c (X,y) = ~= r-X- ■ UoQEoW A ) = V -7T u OC\E \ 

poc_{rj ,X) V 2 

U C Q\n (x;g) = *? CCI "^! ] x 1/4 U (\n(u; A). 

VOC|n {X) 

Note that the construction of the theory in the way described in this article automatically 
produces normalized wave functions. For the descrete spectrum for (in our terminology for 
standart extension £ s = 0, ( a = ±n/2 ) we obtain the connection between the oscillator- 
anyon wave functions derived in \cite{Ter-Ant} . pQ. 
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